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The promise emerging reality of learning
[Stokes et al., Cell'20]

[Piggott et al., Nature Photonics'15]

[Ma et al., Nature Photonics'20]

minimize
θ

1
N

N∑
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Loss
(
fθ(xn), yn

)

maximize
θ

1
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[
T∑

t=0
γt Reward

(
sn,t, πθ(sn,t)

)] (ERM)
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Learning breakthroughs

1970s
(theoretical)

Learning theory

2000s
(technological)

Internet

2010s
(computational)
Deep learning

2020s

Constraints, . . .

Classical learning theory [Vapnik & Chervonenkis, TP’71; Valiant, CACM’84]:

min
θ

1
N

N∑
n=1

Loss
(

fθ(xn), yn

)
min
θ

E
[
Loss

(
fθ(x), y

)]
“LLN”

■ e.g., linear functions, smooth functions (finite RKHS norm, bandlimited), NNs. . .
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The promise limitations of learning
[Stokes et al., Cell'20]

[Piggott et al., Nature Photonics'15]

[Ma et al., Nature Photonics'20]
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Robust image recognition

Problem
Learn an image classifier

that is robust to input perturbations
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Adversarial training

Problem
Learn an image classifier that is robust to input perturbations

• Adversarial training (e.g., [Szegedy et al., ICLR’14; Goodfellow et al., ICLR’15; Madry et al., ICLR’18])

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
min
θ

1
N

N∑
n=1

[
max

∥δ∥∞≤ϵ
Loss

(
fθ(xn + δ), yn

)]

x x + δ≈ gradient ascent
[Szegedy et al., ICLR’14; Goodfellow et al.,

ICLR’15; Madry et al., ICLR’18; . . . ]
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Adversarial training

Problem
Learn an image classifier that is robust to input perturbations

• Adversarial training (e.g., [Zhang et al., ICML’19])
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Penalty-based methods

Problem
Learn an image classifier that is robust to input perturbations

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
+ λ

[
max

∥δ∥∞≤ϵ
Loss

(
fθ(xn + δ), yn

)]

q No straightforward relation between λ and adversarial loss

q λ depends on the values of the losses (dataset, model, performance measure)

q Requirement generalization
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Constrained learning for robustness

Problem
Learn an image classifier that is robust to input perturbations

min
θ

Nominal loss

subject to Adversarial loss ≤ c

¥ More natural: requirement is a constraint, not a cost

¥ Decouple performance and requirements

[C. and Ribeiro, NeurIPS’20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 16



Constrained learning for robustness

Problem
Learn an image classifier that is robust to input perturbations

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
subject to Adversarial loss ≤ c

¥ More natural: requirement is a constraint, not a cost

¥ Decouple performance and requirements

[C. and Ribeiro, NeurIPS’20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 16



Constrained learning for robustness

Problem
Learn an image classifier that is robust to input perturbations

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
subject to 1

N

N∑
n=1

[
max

∥δ∥∞≤ϵ
Loss

(
fθ(xn + δ), yn

)]
≤ c

¥ More natural: requirement is a constraint, not a cost

¥ Decouple performance and requirements

[C. and Ribeiro, NeurIPS’20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 16



Constrained learning for robustness

Problem
Learn an image classifier that is robust to input perturbations

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
subject to 1

N

N∑
n=1

[
max

∥δ∥∞≤ϵ
Loss

(
fθ(xn + δ), yn

)]
≤ c

ERM

50

70

90

N
o
m

in
a
l 
a
cc

u
ra

cy
 (

%
)

CIFAR-10

PGD TRADES DALE ERM
0
1

46

47

48

49

50

A
d
v
e
rs

a
ri

a
l 
a
cc

u
ra

cy
 (

%
)

PGD TRADES DALE

[Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21] 17



Constrained learning for robustness

Problem
Learn an image classifier that is robust to input perturbations

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
subject to 1

N

N∑
n=1

un ≤ c

Loss
(
fθ(xn + δ0), yn

)
≤ un

Loss
(
fθ(xn + δ√

2), yn

)
≤ un

Loss
(
fθ(xn + δ√

3), yn

)
≤ un

Loss
(
fθ(xn + δe), yn

)
≤ un

Loss
(
fθ(xn + δπ), yn

)
≤ un

Loss
(
fθ(xn + δ√

10), yn

)
≤ un

Sampling
(e.g., LMC)

ERM

50

70

90

N
o
m

in
a
l 
a
cc

u
ra

cy
 (

%
)

CIFAR-10

PGD TRADES DALE ERM
0
1

46

47

48

49

50

A
d
v
e
rs

a
ri

a
l 
a
cc

u
ra

cy
 (

%
)

PGD TRADES DALE

[Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21] 17



Constrained learning for robustness

Problem
Learn an image classifier that is robust to input perturbations

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
subject to 1

N

N∑
n=1

un ≤ c

Loss
(
fθ(xn + δ0), yn

)
≤ un

Loss
(
fθ(xn + δ√

2), yn

)
≤ un

Loss
(
fθ(xn + δ√

3), yn

)
≤ un

Loss
(
fθ(xn + δe), yn

)
≤ un

Loss
(
fθ(xn + δπ), yn

)
≤ un

Loss
(
fθ(xn + δ√

10), yn

)
≤ un

Sampling
(e.g., LMC)

ERM

50

70

90

N
o
m

in
a
l 
a
cc

u
ra

cy
 (

%
)

CIFAR-10

PGD TRADES DALE ERM
0
1

46

47

48

49

50

A
d
v
e
rs

a
ri

a
l 
a
cc

u
ra

cy
 (

%
)

PGD TRADES DALE

[Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21] 17



Fair learning

Problem
Predict whether an individual will recidivate at the same rate across races

20 30 40 50 60

Recidivism rate (%)

Population

African-American
Caucasian
Hispanic
Other

Unconstrained
(Acc.: 68%)

Constrained
(Acc.: 67%)

minimize Prediction error

subject to Prediction rate disparity (Race) ≤ c

[C., Paternain, Calvo-Fullana, Ribeiro, ICASSP’20 (best student paper); C. and Ribeiro, NeurIPS’20; C., Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23] 18



Learning to solve PDEs

Problem
Obtain (weak) solutions for a parametric family of boundary value problems

1.0
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R
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L 2

 e
rr

or
 (

%
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(penalty methods) (constrained learning)

PINN (4k)

PINN (7k)

PINN (30k)

SCL (5k)

0.0
1 5 10 15 20 25 30

minimize Boundary condition error

subject to Weak formulation error ≤ ϵ, ∀(x, t)

[Moro and C., ICLR’25] 19



Wireless resource allocation

Problem
Allocate the least transmit power to m device pairs to achieve a communication rate

T1 T2 · · · Tx

R1 R2 · · · Rx

minimize Total power

subject to Communicate rate (Ti) ≥ ci

[Eisen, Zhang, C., Lee, Ribeiro, IEEE TSP’19] 20



Safe reinforcement learning

Problem
Learn a control policy that navigates the environment effectively and safely

maximize Task reward

subject to P (Colliding with obstacles) ≤ δ

[Paternain, Calvo-Fullana, Chamon, Ribeiro, IEEE TAC’23] 21



Claims

Constrained learning is the right way to learn under requirements

Constrained learning is hard. . .

. . . but possible
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(Un)constrained learning

P̂ ⋆
U = min

θ

1
N

N∑
n=1

ℓ
(
fθ(xn), yn

)

subject to 1
N

N∑
m=1

g
(
fθ(xm), ym

)
≤ c

• ℓ, g are bounded, Lipschitz continuous (possibly non-convex) functions

• fθ is a (possibly nonlinear) parametrization [e.g., logistic classifier, (G)(C)NN]

• (xn, yn) ∼ D, (xm, ym) ∼ A (i.i.d.)

[C. and Ribeiro, NeurIPS’20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 23
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Constrained learning

P̂ ⋆ = min
θ

1
N

N∑
n=1

ℓ
(
fθ(xn), yn

)
subject to 1

N

M∑
m=1

g
(
fθ(xm), ym

)
≤ c

P ⋆ = min
θ

E(x,y)∼D

[
ℓ
(
fθ(x), y

)]
subject to E(x,y)∼A

[
g
(
fθ(x), y

)]
≤ c

?

Challenges

q Statistical: does the solution of the constrained empirical problem generalize?

q Computational: can we solve the constrained empirical problem?

[C. and Ribeiro, NeurIPS’20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 23
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?NON-CONVEX

min
θ

1
N

N∑
n=1

ℓ
(
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)
+ λ

1
N

M∑
m=1

g
(
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What classical learning theory says?

min
θ

1
N

N∑
n=1

Loss
(
fθ(xn), yn

)
min
θ

E
[
Loss

(
fθ(x), y

)]“LLN”

¥ fθ is probably approximately correct (PAC) learnable
e.g., linear functions, smooth functions (finite RKHS norm, bandlimited), NNs. . .
(N ≈ 1/ϵ2)

q Constraints?
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What’s in a solution?

Definition (PAC learnability)
fθ is a probably approximately correct (PAC) learnable if for every ϵ, δ and every distributions D,A, we can
obtain fθ† from Nf (ϵ, δ) samples such that, with prob. 1− δ,

• near-optimal ∣∣∣P ⋆ − E(x,y)∼D

[
ℓ
(
fθ† (x), y

)]∣∣∣ ≤ ϵ

• approximately feasible
E(x,y)∼A

[
g
(
fθ† (x), y

)]
≤ c + ϵ

[Rostamizadeh, Talwalkar, Mohri. Foundations of machine learning, 2012]; [Ben-David, Shalev-Shwartz. Understanding machine learning. . . , 2014] 27



What’s in a solution?

Definition (PACC learnability)
fθ is a probably approximately correct constrained (PACC) learnable if for every ϵ, δ and every
distributions D,A, we can obtain fθ† from Nf (ϵ, δ) samples such that, with prob. 1− δ,

• near-optimal ∣∣∣P ⋆ − E(x,y)∼D

[
ℓ
(
fθ† (x), y

)]∣∣∣ ≤ ϵ

• approximately feasible
E(x,y)∼A

[
g
(
fθ† (x), y

)]
≤ c + ϵ

[Chamon and Ribeiro, NeurIPS’20; Chamon et al., IEEE TIT’23] 27



When is constrained learning possible?

P̂ ⋆ = min
θ

1
N

N∑
n=1

ℓ
(
fθ(xn), yn

)
subject to 1

N

N∑
m=1

g
(
fθ(xm), ym

)
≤ c

P ⋆ = min
θ

E(x,y)∼D

[
ℓ
(
fθ(x), y

)]
subject to E(x,y)∼A

[
g
(
fθ(x), y

)]
≤ c

̸
PACC

Proposition

fθ is PAC learnable ⇏ fθ is PACC learnable

[Chamon and Ribeiro, NeurIPS’20; Chamon et al., IEEE TIT’23] 28



Claims

Constrained learning is the right way to learn under requirements

Constrained learning is hard. . .

. . . but possible
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Constrained learning

P̂ ⋆ = min
θ

1
N

N∑
n=1

ℓ
(
fθ(xn), yn

)
subject to 1

N

M∑
m=1

g
(
fθ(xm), ym

)
≤ c

P ⋆ = min
θ

E(x,y)∼D

[
ℓ
(
fθ(x), y

)]
subject to E(x,y)∼A

[
g
(
fθ(x), y

)]
≤ c

̸
PACC

Challenges

q Statistical: does the solution of the constrained empirical problem generalize?

q Computational: can we solve the constrained empirical problem?

[C. and Ribeiro, NeurIPS’20; Robey*, C.*, Pappas, Hassani, and Ribeiro, NeurIPS’21; C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 30



Duality

P̂ ⋆ = min
θ

1
N

N∑
n=1

ℓ
(
fθ(xn), yn

)
subject to 1

N

N∑
m=1

g
(
fθ(xm), ym

)
≤ c

D̂⋆ = max
λ≥0

min
θ

1
N

N∑
n=1

ℓ (fθ(xn), yn) + λ

[
1
N

N∑
m=1

g (fθ(xm), ym)− c

]
PRIMAL

DUAL

• In general, D̂⋆ ≤ P̂ ⋆

• But in some cases, D̂⋆ = P̂ ⋆ (strong duality) [e.g., convex optimization]
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Non-convex variational duality

Convex optimization: Primal Dual

Non-convex, finite dimensional optimization: Primal Dual

Non-convex, infinite dimensional optimization: Primal Dual

̸
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Non-convex variational duality

Convex optimization: Primal Dual

Non-convex, finite dimensional optimization: Primal Dual

Non-convex, infinite dimensional optimization: Primal Dual

̸

[Chamon et al., IEEE TSP’20] 32



Sparse logistic regression

min
θ∈Rp

−
N∑

n=1

log
[
1 + exp

(
yn · θTxn

)]
s. to ∥θ∥0 =

p∑
t=1

I [θt ̸= 0] ≤ k

Discrete, non-convex
[Chen et al., JMLR’19]: NP-hard

min
θ∈L2

−
N∑

n=1

log
[
1 + exp

(
yn ·

∫
θ(t)xn(t)dt

)]
s. to ∥θ∥L0

=
∫

I [θ(t) ̸= 0] dt ≤ k

p

Continuous, non-convex
[Chamon et al., IEEE TSP’20]: tractable
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How to learn under constraints?

min
θ

1
N

N∑
n=1

ℓ
(
fθ(xn), yn

)
subject to 1

N

N∑
m=1

g
(
fθ(xm), ym

)
≤ c

min
θ

E(x,y)∼D

[
ℓ
(
fθ(x), y

)]
subject to E(x,y)∼A

[
g
(
fθ(x), y

)]
≤ c

̸
PACC

max
λ≥0

min
θ

1
N

N∑
n=1

ℓ (fθ(xn), yn) + λ

[
1
N

N∑
m=1

g (fθ(xm), ym)− c

]
̸

[C., Paternain, Calvo-Fullana, and Ribeiro, ICASSP’20 (best student paper); C. and Ribeiro, NeurIPS’20; C, Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 34
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Dual (near-)PACC learning

Theorem
Let f be ν-universal, i.e., for each θ1, θ2, and γ ∈ [0, 1] there exists θ such that

E
[
|γfθ1 (x) + (1− γ)fθ2 (x)− fθ(x)|

]
≤ ν[

{fθ} is a good covering of conv({fθ})
]

Then D̂⋆ is a (near-)PACC learner, i.e., with probability 1− δ,

Near-optimal:
∣∣P ⋆ − D̂⋆

∣∣ ≤ Õ

(
ν + 1√

N

)

Approximately feasible: E
[
g
(
fθ† (x), y

)]
≤ c + Õ

(
ν + 1√

N

)
(ℓ strongly convex and g convex)

(mild additional conditions apply)

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 35
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Dual (near-)PACC learning

Theorem
Let f be ν-universal with VC dimension dVC <∞, ℓ strongly convex, and g convex. Then, fθ† is a
(near-)PACC solution of (P-CSL) for all (θ†,λ†) that achieve D̂⋆, i.e., with probability at least 1− δ,∣∣∣P ⋆ − E(x,y)∼D

[
ℓ
(
fθ† (x), y

)]∣∣∣ ≤ (1 + ∆)
(
ϵ0 + ϵ

)
E
[
g
(
fθ† (x), y

)]
≤ c + (1 + ∆)3/2(M√ϵ0 + ϵ

)

ϵ0 = Mν ϵ = B

√
1
N

[
1 + log

(
4m(2N)dVC

δ

)]
∆ = max

(∥∥λ⋆
∥∥

1
,
∥∥λ̂⋆

∥∥
1
,
∥∥λ̃⋆

∥∥
1

)

Sources of error

parametrization richness (ν) sample size (N ) requirements difficulty (λ⋆)

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 36



Dual (near-)PACC learning

Theorem
Let f be ν-universal with VC dimension dVC <∞, ℓ strongly convex, and g convex. Then, fθ† is a
(near-)PACC solution of (P-CSL) for all (θ†,λ†) that achieve D̂⋆, i.e., with probability at least 1− δ,∣∣∣P ⋆ − E(x,y)∼D

[
ℓ
(
fθ† (x), y

)]∣∣∣ ≤ (1 + ∆)
(
ϵ0 + ϵ

)
E
[
g
(
fθ† (x), y

)]
≤ c + (1 + ∆)3/2(M√ϵ0 + ϵ

)

ϵ0 = Mν ϵ = B

√
1
N

[
1 + log

(
4m(2N)dVC

δ

)]
∆ = max

(∥∥λ⋆
∥∥

1
,
∥∥λ̂⋆

∥∥
1
,
∥∥λ̃⋆

∥∥
1

)

Sources of error

parametrization richness (ν) sample size (N ) requirements difficulty (λ⋆)

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 36



Dual (near-)PACC learning

Theorem
Let f be ν-universal with VC dimension dVC <∞, ℓ strongly convex, and g convex. Then, fθ† is a
(near-)PACC solution of (P-CSL) for all (θ†,λ†) that achieve D̂⋆, i.e., with probability at least 1− δ,∣∣∣P ⋆ − E(x,y)∼D

[
ℓ
(
fθ† (x), y

)]∣∣∣ ≤ (1 + ∆)
(
ϵ0 + ϵ

)
E
[
g
(
fθ† (x), y

)]
≤ c + (1 + ∆)3/2(M√ϵ0 + ϵ

)

ϵ0 = Mν ϵ = B

√
1
N

[
1 + log

(
4m(2N)dVC

δ

)]
∆ = max

(∥∥λ⋆
∥∥

1
,
∥∥λ̂⋆

∥∥
1
,
∥∥λ̃⋆

∥∥
1

)

Sources of error

parametrization richness (ν) sample size (N ) requirements difficulty (λ⋆)

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 36



Dual (near-)PACC learning

Theorem
Let f be ν-universal with VC dimension dVC <∞, ℓ strongly convex, and g convex. Then, fθ† is a
(near-)PACC solution of (P-CSL) for all (θ†,λ†) that achieve D̂⋆, i.e., with probability at least 1− δ,∣∣∣P ⋆ − E(x,y)∼D

[
ℓ
(
fθ† (x), y

)]∣∣∣ ≤ (1 + ∆)
(
ϵ0 + ϵ

)
E
[
g
(
fθ† (x), y

)]
≤ c + (1 + ∆)3/2(M√ϵ0 + ϵ

)

ϵ0 = Mν ϵ = B

√
1
N

[
1 + log

(
4m(2N)dVC

δ

)]
∆ = max

(∥∥λ⋆
∥∥

1
,
∥∥λ̂⋆

∥∥
1
,
∥∥λ̃⋆

∥∥
1

)

Sources of error

parametrization richness (ν) sample size (N ) requirements difficulty (λ⋆)
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Dual learning trade-offs

• Unconstrained learning

parametrization× sample size

• Constrained learning

parametrization× sample size× requirements

Parametrization

Sample size

Requirements
difficulty

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 37
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When is constrained learning possible?

Corollary

fθ is PAC learnable ≈∗ fθ is PACC learnable

Constrained learning is essentially as hard as unconstrained learning

(mild conditions apply)

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 38



When is constrained learning possible?

Corollary

Uniform
convergence

PAC PACC

0-1 loss

(mild conditions apply)

[Chamon and Ribeiro, NeurIPS’20; Chamon, Paternain, Calvo-Fullana, Ribeiro, IEEE TIT’23; Elenter, Chamon, Ribeiro, ICLR’24] 38



Claims

Constrained learning is the right way to learn under requirements

Constrained learning is hard. . .

. . . but possible. How?

39



Dual learning algorithm

• Minimize the primal (≡ ERM)

θ† ∈ argmin
θ∈Rp

1
N

N∑
n=1

[
ℓ (fθ(xn), yn) + λg (fθ(xn), yn)

]

[Ge et al., ICLR’18; Soltanolkotabi et al., IEEE TIT’18; Mei et al., PNAS’18; Kawaguchi et al., AISTATS’20. . . ]

• Update the dual

λ+ =

[
λ + η

(
1
N

N∑
m=1

g
(
fθ+ (xm), ym

)
− c

)]
+

D̂⋆ = max
λ≥0

min
θ∈Rp

1
N

N∑
n=1

ℓ (fθ(xn), yn) + λ

[
1
N

N∑
m=1

g (fθ(xm), ym)− c

]
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Dual learning algorithm
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θ+ ≈ θ − η∇θ

[
ℓ
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A (near-)PACC learner

Theorem
Suppose θ† is a ρ-approximate solution of the regularized ERM:

θ† ≈ argmin
θ∈Rp

1
N

N∑
n=1

(
ℓ (fθ(xn), yn) + λg (fθ(xn), yn)

)
.

Then, after T =
⌈
∥λ⋆∥2

2ηMν

⌉
+ 1 dual iterations with step size η ≤ 2ϵ

mB2 ,

the iterates
(
θ(T ),λ(T )) are such that∣∣∣P ⋆ − L

(
θ(T ),λ(T )

)∣∣∣ ≤ (2 + ∆)(ϵ0 + ϵ) + ρ

with probability 1− δ over sample sets.

[Chamon et al., IEEE TIT’23] 41



In practice. . .

1: Initialize: θ0, λ0

2: for t = 1, . . . , T

3: β1 ← θt−1

4: for n = 1, . . . , N

5: βn+1 ← βn − ηθ∇β

[
ℓ
(
fβn (xn), yn

)
+ λt−1g

(
fβn (xn), yn

)]
6: end

7: θt ← βN+1

8: λt =

[
λt−1 + ηλ

(
1
N

N∑
m=1

g
(
fθt (xm), yn

)
− c

)]
+

9: end

10: Output: θT , λT

https://github.com/lfochamon/csl

SGD

Check slack:

- feasibility: st ≤ 0
- “duality gap”: λtst

st =
1
N

N∑
n=1

g
(

fθt (xn), yn

)
− c

Dual updateUse adaptive method (e.g., ADAM)

42



Penalty-based vs. dual learning

Penalty-based learning

θ† ∈ argmin
θ

Loss(θ) + λ · Penalty(θ)

• Parameter: λ (data-dependent)

• Generalizes with respect to Loss + λPenalty

Dual learning

θ† ∈ argmin
θ

Loss(θ) + λ · Penalty(θ)

λ+ =
[
λ + η

(
Penalty(θ†)− c

)]
+

• Parameter: c (requirement-dependent)

• Generalizes with respect to Loss
and Penalty ≤ c

43



Robust image recognition

[C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 44
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Robust image recognition

[C., Paternain, Calvo-Fullana, and Ribeiro, IEEE TIT’23] 44



Robust image recognition

Empirical observations: [Zhang et al., ICML’20; Sitawarin, ArXiv’20] 44



Robust image recognition
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Claims

• Constrained learning is the right tool to learn under requirements

Constrained learning imposes requirements during training that generalize at test time, e.g.,
■ robustness [CR, NeurIPS’20; R*C*PH, NeurIPS’21; RCPH, ICML’22 (spotlight); CPCR, IEEE TIT’23]

■ fairness [CPCR, ICASSP’20 (best student paper); CR, NeurIPS’20; CPCR, IEEE TIT’23]

■ invariance and data augmentation [HCR, ICML’23]

■ (manifold) smoothness [CCHVR, ICML’23]

■ resilience [HRC, NeurIPS’23]

■ safe RL [PCCR, NeurIPS’19; PCCR, IEEE TAC’23; CPCR, IEEE TAC’24]

■ learning to solve PDEs [MC, ICLR’25]

■ . . .

• Constrained learning is hard. . .

Constrained, non-convex, statistical optimization problem

• . . . but possible

. How?

We can learn under requirements (essentially) whenever we can learn at all
by solving (penalized) ERM problems
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